Low-Reynolds-number flows over airfoils are characterized by the presence of separation bubbles. The separation bubbles are often unsteady and have a significant impact on the overall flowfield. This paper numerically simulates unsteady two dimensional low-Reynoldsnumber flows over airfoils and analyzes the instabilities associated with the separated flowfield. Unsteady laminar calculations of low-Reynolds-number flows over airfoils are performed using a Navier-Stokes solver. Laminar-turbulent calculations are also done for comparison. The studies show that separated flow is unstable and results in periodic vortex shedding. The timeaveraged lift and drag coefficients are compared with the experimental values, and are in good agreement with the experimental results. Comparison with the results of a linear stability analysis, of the separated boundary layer, shows that the wavenumber and frequency in the numerical simulations agrees with the most unstable wavenumber and frequency from the linear stability analysis. Hence, the vortex shedding is linked to the Tollmien Schlichting instability wave of the separated boundary layer. An analysis of the numerical solutions also shows the interaction and growth of subharmonic waves, a possible path to transition.
INTRODUCTION
Low-Reynolds-number (in the range of Re = 5 x 10 4 to 1 x 10 6 ) aerodynamics is important for a variety of aircrafts, ranging from sailplanes and humanpowered aircrafts to high altitude unmanned aerial vehicles (UAV's) I 1 ' 2 ] . There has been considerable research, both experimental '• 3~8 -' and computational 1 9~13 \ on low-Reynolds-number flows over airfoils. The current research is motivated by the planned flight tests, at NASA Dryden Flight Research Center, which will use the APEX high altitude aircraft to collect aerodynamic data in the transonic low-Reynolds-number flow regime [2] In low-Reynolds-number flows, the flowfield is strongly influenced by the the presence of laminar-turbulent separation bubbles. Figure 1 shows a schematic of the structure of a separation bubble. The flow is laminar when the separation occurs due to the adverse pressure gradient. The separated boundary layer is unstable and rapidly undergoes transition. The turbulent flow reattaches, and the region between the separation point and the reattachment point is called the separation bubble. These bubbles are often unsteady and have significant effects on the overall flowfield.
Extensive experimental studies have been conducted 1.3-5,8]^ |_ o eva i ua j e t^ performance of airfoils in subsonic low-Reynolds-number flows, and they have shown the strong influence of the separation bubbles on the overall flowfield. The experimental investigations have also revealed the presence of dominant instability waves which amplify in accordance with the linear stability theory. Leblanc, Blackwelder, and Liebeck ' 6 ' showed that the peak frequencies measured in the velocity spectra for the instability region match the most amplified wavenumber and frequency scaling calculated by linear stability theory. Dovgal, Kozlov, and Michalke ^7' investigated the linear instability and the nonlinear wave interactions in the separated regions. Their results also show the linear evolution of disturbances in the separation bubble. They also discussed the interactions of the nonlinear disturbances and the path to transition. A schematic of the various stages of transition is shown in Fig. 2 .
Low-Reynolds-number separation bubbles include flows in both the subsonic and transonic Mach number regimes. Drela and Giles <-14 * used a viscous-inviscid approach to calculate transonic low-Reynolds-number flows. The simulations used an Euler formulation coupled with an integral boundary layer formulation, with a transition prediction formulation of e n type. Their calculations show the strong influence of separation bubbles on the performance of the airfoils. Lin and Pauley I ^ used an unsteady, incompressible Navier-Stokes approach to compute low-Reynolds-number flows. Their results show the unsteady nature of the separation bubble and the associated periodic vortex shedding. The dominant frequency was shown to be in agreement with the most amplified frequency from the linear stability analysis of a mixing layer corresponding to the separated boundary layer. The present study considers numerical simulation and analysis of low-Reynolds-number compressible flows over airfoils. A detailed linear stability analysis of the separated flow is performed to explain the unsteady nature of the flow. Numerical results show an unsteady vortex shedding process, which is shown through a linear stability analysis to correspond to the instability of the separated boundary layer. The results confirm the linear evolution of disturbances in the separated region.
Computations over the Eppler 387 airfoil and the APEX airfoil are the two cases considered. The APEX airfoil was designed at NASA Dryden for the planned high altitude flight tests 1 2 \ The airfoil has been designed, using a low-Reynolds-number design code "• ' to operate in the transonic low-Reynolds-number regime. For the flow over the Eppler 387 airfoil the time-averaged results are compared with the experimental data ™ and existing numerical results '-13 -'. The results from the computations for the APEX airfoil are also presented.
The computations are performed using both the laminar Navier-Stokes equations and the Favre averaged NavierStokes equations. For the laminar-turbulent calculations, the transition location is fixed and the BaldwinLomax algebraic eddy-viscosity model is used for turbulence modeling. A second order implicit Gauss-Seidel method is used for the calculations.
MATHEMATICAL FORMULATION

Governing Equations
The mass, momentum and energy conservation equa- 
The viscosity coefficient is calculated using the Sutherland's law. The Prandtl number(Pr) is taken to be 0.7, and the ratio specific heats (7) is taken as 1.4 . No slip boundary conditions are imposed on the wall.
Turbulence Modeling
The majority of the results presented in this paper are from laminar computations. In addition laminarturbulent calculations are also performed for comparison. For simplicity the two layer algebraic eddy viscosity model developed by Baldwin and Lomax *- 15 ' has been used for the turbulence modeling. The turbulent boundary layer is considered to be formed by two regions, with different expressions for the eddy viscosity coefficient. The eddy viscosity in the inner region is given by the Prandtl-Van Driest formulation
Hi=p(KYD)
2 \u\ (6) where p is the density, \u>\ is the magnitude of the vorticity, K=0.40 is the von Karman's constant and Y represents the normal distance from the wall. D is the Van Driest damping factor. The eddy viscosity in the outer region is given by o = pkCcpY max F max Ff;leb
where
and Fkieb is the klebanoff intermittency correction given
where Ckieb is a constant. Details of the model can be found in Baldwin and Lomax \- 15 '. In the laminarturbulent calculations the turbulence model is used after the transition location.
Transition Prediction
For low-Reynolds-number flows over airfoils, the separated laminar boundary layer may undergo transition. Hence, a transition prediction method is required. For the current laminar-turbulent calculations the transition is fixed. However, for future calculations an approximate e n will be used for transition prediction.
NUMERICAL METHOD
In the computations the equations are transformed from the Cartesian coordinates(x,y,t) into the curvilinear computational coordinates (£, rj, T). The computations are performed on a C-grid (for airfoil computations) .The grids are generated using an elliptic grid generator. An implicit second order finite volume line Gauss-Seidel iteration method *- 16 ' is used for the computations. The inviscid terms are computed using the flux splitting method and central differencing is used for the viscous terms. The computation involves calculations which are implicit in the 77 (normal) direction, while the £ (streamwise) direction terms are computed by a line Gauss-Seidel iteration with alternating American Institute of Aeronautics and Astronautics sweeps in the backward and forward £ directions. The computations are first order accurate in time, with the time step being small enough to resolve the time dependence of the solution. This is checked by using smaller timesteps and confirming that the solution is independent of the timestep used. The calculations were performed with grids of 158 x 58 and 314 x 114 to ensure the grid independence of the solution. The averaged lift and drag coefficients from the two solutions are within 3% of each other.
RESULTS
The time accurate Navier-Stokes solver is used to calculate unsteady separated low-Reynolds-number flows over the Eppler 387 airfoil and the APEX airfoil. The results for the Eppler 387 airfoil are compared with existing experimental and computational results. A linear stability analysis is performed for the separated boundary layer in both the cases. The results are compared with the numerical observations.
Validation Cases
The laminar Navier-Stokes solver is validated by com- The time-averaged results are compared with existing experimental data ^. Table 1 shows the comparison of the time-averaged lift coefficient with the experimental value. The time averaged lift-coefficient is found to compare well with experimental results for both the laminar and turbulent solutions. The time-averaged drag coefficient is compared with the experimental data in Table  2 . The drag coefficient from the turbulent calculation agrees well with the experimental result. The larger drag in the laminar case is found to be due to a larger separation bubble predicted in the laminar calculations. The time-averaged surface pressure distribution agrees well with the experimental results for both the calculations, as shown in Fig. 4 . Hence, the time-averaged results from both approaches are similar and agree well with the experimental values. The numerical solution shows that the flow is unsteady, with periodic vortex shedding. The vortex shedding process is visualized in Fig. 5 using six instantaneous flowfield streamline plots in sequence, corresponding to one time period. The plots also show the existence of a dominant wavenumber in the numerical results. This unsteadiness in the flowfield is in agreement with the results of Lin and Pauley <- 13 ', who extensively studied incompressible flows over the Eppler 387 airfoil and found similar unsteady vortex shedding. The unsteady nature of the flow is evident from the time variation of the surface pressure, at a point located near the trailing edge, as shown in Fig. 6 . The unsteady nature of the flowfield causes a corresponding unsteady variations in the lift and drag coefficients. The variation of the instantaneous lift and drag coefficients with time is is shown in Fig. 7 and Fig. 8 respectively. Both the figures show the unsteady nature of the flow. In addition, the presence of a dominant frequency in the flow is also seen.
The time-averaged flowfield shows the presence of the separation bubble. The large scale characteristics of the time-averaged separation bubble are similar for the laminar and turbulent solutions, as seen from Fig. 9 and Fig. 10 . Figure 11 shows the average velocity profile at several locations on the upper surface of the airfoil. The reverse flow region within the separation bubble can be clearly seen.
The source of the unsteady nature of the flowfield is ascertained using a linear stability analysis of the separated flowfield using the time-averaged solution as the American Institute of Aeronautics and Astronautics mean velocity profile, as shown in Fig. 11 The analysis shows that the boundary layer is unstable for a range of wave numbers. The growth rates and frequencies corresponding to the various wavenumbers are given in Table   3 and plotted in Fig. 12 and Fig. 13 . The maximum ' . In this region three dimensional effects are expected to be important, and a localized three dimensional calculation will be required to resolve the flowfield [18] The APEX Airfoil
The flow over the APEX airfoil was calculated for the following freestream conditions: a = 4°,M = 0.5,Re = 2 x 10 5 . The 300 x 58 grid used for the computations is shown in Fig. 16 . The numerical simulations reveal an unsteady vortex shedding process similar to the Eppler 387 case. Figure 17 shows the time-averaged structure of the separation bubble. The region of reverse flow in the separation bubble can be clearly seen. Hence, the mean velocity profiles will have an inflection point, and are expected to be inviscidly unstable. Figure 18 shows the inflectional velocity profile used for the linear stability calculations. The analysis shows that the separated boundary layer is unstable for a range of wavenumbers. The growth rates and frequencies are tabulated below and also plotted in Figures 19 and 20 . The most ungrowth rate occurs at a* = 0.1, where a* is the nondimensional wavenumber. The wavenumber is nondimensionalized as a* = aS*, where 6* = x/(^/Re x ), Re x = P°°u°°x, The numerical results are expected to correspond to the most unstable wavenumber. Figure 14 shows the instantaneous pressure coefficient distribution obtained from the numerical solution. The wavenumber corresponding to the numerical simulations can be determined from this data. The nondimensional wavenumber is found to be 0.098, which is within 2% of the value value calculated from linear stability theory. The result is also consistent with the experimental observations by ' that the dominant frequencies measured in the velocity spectra correspond to the most unstable wavenumber from the linear stability analysis of the inflectional velocity profiles. Figure 15 shows the frequency spectrum of the unsteady solution at various locations on the surface of the airfoil. For the locations in the separation bubble, the dominant frequency is u>* = 0.039. This is within 6.5% of the frequency predicted by linear stability theory. This is consistent with the results of Lin and Pauley "- 13 ' who compared the dominant frequency in the numerical simulations with the most amplified frequency from a stability analysis, of a mixing layer representative of the separated boundary layer. Figure  15 also shows the interaction of 2-D fundamental and subharmonic waves. The results show that a subharmonic disturbances are generated by the fundamental wave. This is expected to lead to nonlinear and three 
CONCLUDING REMARKS
Unsteady low-Reynolds-number flows over the Eppler 387 and APEX airfoils have been numerically simulated. Both the studies show the unsteady nature of the separated flow, with periodic vortex shedding. The vortex shedding seen in numerical results is found to be due to the inviscid instability of the separated boundary layer. The characteristics of the laminar region of the separation bubble are found to be in good agreement with the linear stability results. The numerical solutions also show that beyond a certain location in the separation bubble there is interaction between the fundamental and subharmonic waves. Hence, three dimensional and nonlinear effects may become important. Further computations are required to ascertain these effects. Future work will be directed towards localized three dimensional calculations to study the nonlinear effects. 
